The theory of generalized matric Massey products has been applied for some time to A-modules M , A a k-algebra. The main application is to compute the local formal moduliĤM , isomorphic to the local ring of the moduli of A-modules. This theory is also generalized to OX -modules M, X a k-scheme. In these notes we consider the definition of generalized Massey products and the relation algebra in any obstruction situation (a differential graded k-algebra with certain properties), and prove that this theory applies to the case of graded R-modules, R a graded k-algebra, k algebraically closed. When the relation algebra is algebraizable, that is the relations are polynomials rather than power series, this gives a combinatorial way to compute open (étale) subsets of the moduli of graded Rmodules. This also gives a sufficient condition for the corresponding point in the moduli of O Proj(R) -modules to be singular. The computations are straight forward, algorithmic, and an example on the postulation Hilbert scheme is given.
Introduction
The theory of generalized matric Massey products (GMMP) for A-modules, A a k-algebra, is given by Laudal in [3] , and applied to the theory of moduli of global and local modules in [6] , [5] . This theory can obviously be applied also to the study of various Hilbert Schemes, leading to GMMP for graded R-modules M , R a graded k-algebra.
Let (A
• , d • ) be a differential graded k-algebra, and let α = {α e1 , . . . , α e d } be a set of elements in H 1 (A • ). For n ∈ (N − {0}) d , |n| = n 1 + · · · + n d = 2 we have the ordinary cup-products
given by < α; n >= By inductively adding elements α m ∈ A 1 , m ∈ B ⊆ (N ∪ {0}) d due to some relations, we define the higher order generalized matric Massey products < α; n >, n ∈ B ′ ⊆ (N ∪ {0}) d , for some n of higher order |n|, provided A
• satisfies certain properties. The inductive definition of GMMP is controlled at each step by the relations between the monomials in an algebraĤ α constructed in parallel. We call this algebra the relation algebra of α. It is interesting in it own right to study the GMMP structure and the relation algebra of various sets of α ∈ h 1 (A • ).
Deformation theory is introduced as a tool for studying local properties of various moduli spaces. It is well known that the prorepresenting hull of the deformation functor of a point M in moduli is the completion of the local ring in that point [4] . Consider a graded R-module M , R a graded k-algebra. Choose a minimal resolution 0 ← M ← L • of M and consider the degree zero part Hom Then the relation algebraĤ x * is isomorphic to the prorepresenting hullĤ M of the (graded) deformation functor Def M , i.e. H x * ∼ =ĤM . In addition to the definition of the graded GMMP, this is the main result of the paper, implying that general results about the GMMP gives local information about moduli. In addition, we get the following result, telling us how GMMP on R can be used to study the singular locus of sheaves on Proj(R): Proposition 2. Let M = Γ * (M) for M ∈ C R (Spec(k)). Then H M , the hull of Def R,M , is nonsingular if H M , the hull of Def R,M , is.
We conclude the paper with an explicit example.
Classical graded theory 2.1 Notation
We let R = ⊕ d∈Z R d be a graded k-algebra, k algebraically closed of characteristic 0, R finitely generated in degree 1. We let M = ⊕ d∈Z M d be a graded R-module, and let M (p) denote the twisted module of M with grading M d (p) = M p+d .
We will reserve the name S for the free polynomial k-algebra S = k[x 1 , . . . , x n ], so that R is a quotient of some S by some homogeneous ideal I, that is R = S/I.
By ℓ we mean the category of local artinian k-algebras with residue field k. If U ∈ ob(ℓ) we will use the notation m U for the maximal ideal in U . A surjective morphism π :
. If V is a vector space, V * denotes its dual.
Homomorphisms
Classically, homomorphisms of graded k algebras R are homogeneous of degree 0. This is also the case with morphisms of graded R-modules. We might extend this definition by giving a grading to the homomorphisms:
where
Construction of graded S-modules
For the graded R-modules M and N , M ⊕ N does certainly not inherit a total grading by (
Thus the sentence "a free graded R-module" does simply not make any sense. In this section we clarify how the grading is given.
Recall that if M , N are graded R-modules, f : N → M a homogeneous homomorphism (of degree 0), then ker(f ) and im(f ) are both graded submodules.
has a natural structure of graded R-module.
Remark 1.
The proof of the above lemma is immediate, but it is not always the case that M ∼ = gr(f −1 ) for some f . In fact, this is equivalent with M being graded.
For the sake of simplicity, assume that M = ⊕ d∈Z M d is a finitely generated graded module, generated by a finite number of homogeneous elements m 1 , . . . , m n of degrees p 1 , . . . p n respectively. Then we have a surjective homomorphism
sending e i of degree p i to m i (also of degree p i ).
We easily see that
As the kernel is also generated by a finite number of homogeneous elements, say by (g 1 , . . . , g l ), where g i = j g ij with g ij homogeneous in R, we have the following: Proposition 1. Every finitely generated, graded R-module M has a minimal resolution on the form
Conversely, given homogeneous elements
. . g n ) ⊆ R, and so is a graded R-module.
Families of graded modules
A finitely generated graded R-module M defines a coherent sheafM of O Proj(R) -modules. In the same way, an ideal I ⊆ R defines a sheaf of ideals on Proj(R), and this gives a subscheme of Proj(R). Thus the study of various moduli spaces is influenced by the study of graded R-modules. Let us denote R = Spec(R) for short, and let X be a scheme/k. Then a sheaf of graded
We define the contravariant functor Gr R : Sch k → Sets by
The moduli spaces that we want to give results about, are the schemes representing various restrictions of the functor C R : Sch k → Sets given by
The restrictions can be that F is an ideal sheaf with fixed Hilbert polynomial p(t). Then the above functor in the case where R = k[t 1 , . . . , t n ], is the Hilbert functor Hilb
If F is locally free of rank r with fixed chern classes, we get M(P n k ; c 1 , . . . , c r ) and so forth. The two functors Gr R and C R are usually not equivallent, i.e. there exists graded modules M such that Γ * (M ) ≇ M . However, Γ * (F ) ∼ = Γ * (G) ⇒ F ∼ = G, and this, as we will see, is sufficient for given applications.
In general, for a contravariant functor F : Sch → Sets, and an element x ∈ F(Spec(k)), we define the fiber functor F x : Sch/k × {pt} → Sets from the category of pointed schemes over k to the category of sets by
If F is represented by a scheme M, and if x ∈ M is a geometric point, then the tangent space in this point is
The fiber functors define covariant functors
In our situation, we obtain the two deformation functors
For the rest of this section, we assume that M =M . We will use the notations Def M and Def M when no confusion is possible. By definition, the tangent spaces of the postulated moduli spaces are
respectively (Ext 1 R,0 (M, M ) will be defined below). For every V ∈ ℓ, the morphism˜is surjective with section Γ * . That is, in the diagram
This has obvious consequences, and we will eventually prove the following:
3 Deformation theory
Generalized Massey Products
In this subsection, we consider a differential graded k-algebra (A • , d • ) with certain properties. We will assume that 0 ∈ N, and for n ∈ N d , we will use the
Notice that the Massey products may not be defined for all (if any) n ∈ N d . The idea is the following:
The first order Massey products are then the ordinary cup-products in A
• . That is
Definition 1. We will say that the Massey product is identically zero if
The higher order Massey products are defined inductively: Assume that the Massey products are defined for 
where β ′ n,m are chosen linear coefficients for each pair m, n such that < α; n >∈ h 2 (A • ). One way to construct Massey products, that is to construct the relations β given above, is the following:
Definition 2. The first order Massey products are the ordinary cup-products in
Choose a k-basis {y * 1 , . . . , y * r } for h 2 (A • ), and put
Choose a monomial basis {u
Definition 3. The set {α m } m∈B2 is called a defining system for the Massey products < α; n >, n ∈ B ′ 3 . Assume that the k-algebras
and the sets B n−1 , B n−1 , B ′ n , {α m } m∈Bn−1 has been constructed for 1 ≤ n ≤ N according to the above, in particular
and we assume (by induction) that {u n } n∈B ′ n is a basis for
The N 'th order Massey products are
For this to be well defined, we need both that y(n) is a coboundary, and that its class is independent of the choices of α. We will only consider algebras A
• that obey this, and we call A • an obstruction situation algebra, or an OS-algebra for short.
Put 
Then we defineĤ
. . , f r ) and call it The relation algebra of α.
Obstruction theory
In this section, fix once and for all a minimal (graded) resolution of the graded R-module M:
Lemma 2.
To give a lifting M U ∈ Def M (U ) of the graded R-module M is equivalent to give a lifting of complexes:
We also have that ε
, and that the top row is exact.
Proof. Because U is artinian, its maximal ideal m U is nilpotent. We will prove the lemma by induction on n such that m n U = 0, the case n = 1 being obvious. Assuming the result true for n, assume m 
The exactness of the horizontal top row follows from exactness of I over k, the bottom row is exact by assumption, and the middle row is constructed as follows: Let ε U be a lifting of ε V , which obviously exists. By assumption,
The commutativity of the first rectangle then follows from the fact that m U · I = 0, i.e. π is a small morphism. Now, choose a liftingδ
by the induction hypothesis, and therefore commutes with δ 1 ⊗ id.
For each generator l of L 1 ⊗ k U , choose an x ∈ L 0 ⊗ k I such that (ε⊗id)(x) = ε U (δ 1 (l)), and put δ 1 (l) =δ 1 (l) − x. Then
This gives the desired lifting, and we may continue this way with δ U i , i > 1. We have proved that the middle sequence is a complex.
Conversely, given a lifting of complexes as in the lemma, then taking the tensor product over U with V = U/m n U in the top row, we get a lifting as in the above diagram. By the induction hypothesis, the bottom row is exact with
Writing up the long exact sequence of the short exact sequence of complexes, we have that the sequence in the middle is also exact,
As the category of graded R-modules is the (abelian) category of representations of the graded k-algebra R, a homomorphism φ : M → N between the two graded R-modules M and N is by definition homogeneous of degree 0. This implies that the derived functors of Hom R in the category of graded R-modules, is the derived functors of Hom R,0 , where Hom R,0 denotes R-linear homomorphisms of degree 0. Thus we use the notation Ext 
and where the differential
the composition given by ξ • δ(x) = δ(ξ(x)). It is straight forward to prove:
Then there is a uniquely defined obstruction
Proof. Because L i is free for each i, we can choose a liftingδ R i making the following diagram commutative for each i:
As π is small, the compositionδ
Also, o is a cocycle, and π) is independent of the choice of liftings. This also proves the only if part.
If o = o(M V , π) = 0, then there is an element 
Notice that this proves that Hom
is an OS-algebra. We now combine the theory of Massey products and the theory of obstructions. We letĤ M =Ĥ denote the prorepresenting hull (the local formal moduli) of Def M . All the way we will use the notations and constructions in section 3.1.
Pick a basis
and a basis
Denote by {x * i } and {y * i } the corresponding dual bases.
We set α 0 = {d i }, α ej = {x * j,i }. Let tĤ and t Def E denote the tangent spaces ofĤ and Def M respectively. A deformation E 2 ∈ Def E (S 2 ) corresponding to an isomorphism
is represented by the lifting
. This is to say < x * ; n >= y(n) for each
Translating, we get
Following the construction in section 3.1, for each m ∈ B 2 , we pick a 1-cochain
Then the family {α m } m∈B2 is a defining system for the Massey products
Then (d S3 ) 2 = 0, and so, by lemma 2,
. We continue by induction: Given a defining system {α m } m∈BN for the Massey products < x * ; n >, n ∈ B ′ N +1 , and assume d SN is defined by
Dividing out by the obstructions, that is letting
such that the next order defining system can be chosen. We have proved the following: Notice that a computer program (a library in Singular) can be made for these computations. This will be clear in this example. However, for large tangent space dimensions, it seems that the common computers of today are too small.
In this section we will cut out the tangent space by a hyperplane where the variety in question is obstructed. This will give readable information about the relations in the point corresponding to the variety, and the example will be possible to read.
We put Then I = (s 1 , . . . , s 6 ) and M = M I = R/I is given my the minimal resolution
To compute a basis for Ext 
We then notice that d x 0 x 2 x 2 3 
Following the algorithm and notation given in section 3.1, we compute cupproducts. Of the 300 computed, 79 are identically zero in the meaning that
Of the remaining 221, 205 are zero in cohomology, giving in total 16 nonzero cup-products. With respect to a basis
for Ext 
From [2] it follows that the obstruction space for M = R/I is H 2 (M, M, R) where M is considered as a graded R-algebra. This k-vector space has dimension 3, and so we may conclude: Corollary 1. The determinantal scheme given by the minors of the matrix G I is maximally obstructed.
We are now going to put most (21) of the variables above to zero. That is, we choose the most interesting of the 24 variables above; t 1 = v 22 , t 2 = v 23 , t 3 = v 24 , all others are put to zero. We follow the algorithm given in section 3.1 and we work in the Yoneda complex Hom
where L • denotes the R-free resolution of M given above.
Notice that for α = {α i } ∈ Hom 1 (L • , L • ) it is always sufficient to have the the two leading morphisms α 1 : L 1 → L 0 , α 2 : L 2 → L 1 . Also, it is known that finding these by the methods below, they can always be extended to the full complex, see [6] .
We find This given, it is an easy match to compute the cup products (or the first order generalized Massey products). This is As classes in cohomology, we find (as we already knew) 
